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Abstract 

We show that GR can be written literally as a Yang-Mills theory 
coupled to gravity, where the antiself-dual Weyl curvature (CDJ ma- 
trix) plays the role of the coupling constant. On solutions to the Ein- 
stein equations, a Hodge duality operator emerges and the Yang-Mills 
curvature becomes self-dual in the spacetime sense. This effect causes 
a dynamical reduction of the Yang-Mills theory to Einstein's GR. We 
prove this using the instanton representation of Plebanski gravity com- 
bined with the intrinsic spatial geometry of Yang-Mills theory. Addi- 
tionally, we prove this same result via the metric description of gravity. 
This result implies the existence of gravitational instanton solutions to 
the Einstein equations for spacetimes of Petrov type I, D and O. 
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1 Introduction: Yang— Mills theory 



In SU{2) Yang-Mills theory the phase space variables are ^ym = {E\, A"), 
the Yang Mills electric field and the SU(2) gauge connection A^. The action 
for a SU (2) Yang-Mills theory can be written in first order form as^ 



Iym = 1^*1^ d^xEiAf + A^DiEi - H{E, A), (1) 

where H{E, A) is the Hamiltonian for the theory, written on the phase space 
riYM- In this paper we will point out some interesting theories which can 
result from different choices of H. For ordinary SU{2) Yang-Mills theory 
on a flat Minkowski spacetime background we have 



Hym = \5ij5ab{g-''EiEi+g^B\Bi) = SijT'^ , (2) 

where g is the coupling constant and = e''^^djA'^ + ^e''^^ fabcA'jA'^ is the 
Yang-Mills magnetic field. All Yang-Mills theories will have the Gauss' 
Law constraint Ga = DiEl^, which signifies the invariance of the theory 
under SU{2) gauge transformations. 

In this paper we will re-write gravity as a Yang-Mills theory. An exam- 
ple of such a theory is the Ashtekar formalism of GR ([1],[2],[3]). In this 
formalism one complexifies the phase space and makes the identification 
i?* —7- of the electric field with a densitized triad. This densitized triad 
can be written as an antisymmetric combination of spatial triads e^, where 



= \^'^^^abce)e''j ^ f = eijkcridx^ A dx'' (3) 

which defines a spatial two form /. The spatial triads in symmetric combi- 
nation define a spatial 3-metric hij, given by 



h 



•ij 



dx-' . 



(4) 



Equations (3) and (4) presumably encode the same information, and should 
lead to alternate but equivalent descriptions of GR. The Ashtekar formalism, 
which uses 5* as a basic momentum space variable, can be written as 



^By the convention of the paper, symbols a, 6, c, ... from the beginning part of the 
Latin alphabet signify internal indices and symbols i, j, k, . . . from the middle signify 

spatial indices in 3-space E. 
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lAsh 




'xalA- + AlD,al-H{a,A) 



(5) 



with a Hamiltonian given by 



(6) 



The fields A^^ = {N, N^) arc auxilhary fields, respectively the lapse function 
and shift vector, with iV = A'^(deta)~^/^. The Ashtekar connection is 



where F" is the spin connection compatible with the triad ef, and is the 
triadic form of the extrinsic curvature of 3-space S and P is the Immirzi 
parameter. 

In this paper we will rewrite general relativity in a form more closely re- 
sembling (1) subject to (2), which makes its relation to the 3-geometry more 
explicit. Equation (2) is the contraction of the spatial energy momentum 
tensor T*-' of Yang-Mills theory with a Euclidean 3-mctric 6ij, and there- 
fore corresponds to a theory of Yang-Mills theory propagating on a flat 
background. We will show that the generalization of (2) to more general 
geometries yields an analogous energy momentum tensor given by 



where and £ 5*0(3, C) <^ SO{3, C) is a complex three by three ma- 
trix taking values in two copies of the special complex orthogonal group 
SO{3,C). Equation (8) couples to the quantity N_hij, where N_ = Nh"^/"^ 
is the densitized lapse function and hij is the spatial part of the metric g^n 
solving the Einstein equations. The result is a complex Yang-Mills theory 
of gravity, where the gravitational degrees of freedom are neatly encoded in 
^'fe/, which plays the role of the Yang-Mills coupling constant. In this the- 
ory, gravity is coupled to the same Yang-Mills field which describes gravity, 
and is in this sense a self-coupling. 

To accomplish the aim of the present paper we will harness the relation 
of nonabelian gauge theory to intrinsic spatial geometry which has been 
exposed by previous authors within the purely Yang-Mills context. Some 
of the main ideas contained in this paper have been applied in [4] and [5], 
where the authors uncover a natural spatial geometry encoded within SU(2) 
and SU (3) Yang- Mills theory. It is shown how using locally gauge-invariant 



(7) 
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quantities, one obtains a geometrization of these gauge theories. The geom- 
etry thus uncovered is Umited to that of Einstein spaces given by 




(9) 



for some numerical constant k, where Rij is the Ricci tensor of a three 



to describe a four dimensional geometry directly in terms of an intrinsic 
spatial 3-geometry is the fact that the space is allowed to have torsion. 
In this paper we will generalize (9) to include more general solutions of the 
Einstein equations, specifically exhibiting the two degrees of freedom of GR. 

The organization of this paper is as follows. In section 2 we derive the in- 
stanton representation of Plebanski gravity, showing how a spatial 3-metric 
and a Hodge duality operator arise dynamically on solutions to the equa- 
tions of motion. The implication is that the corresponding spacetime metric 
solves the Einstein equations, a proof which we carry out in the remainder 
of the paper by explicit construction.^ Another result of section 2 is the 
equivalence on-shell of the instanton representation to Yang-Mills theory 
with self-dual curvature. Sections 3 and 4 use the intrinsic spatial geometry 
of the Yang-Mills theory thus described to construct a 3-dimensional Rie- 
mann space with torsion, in analogy to the constructions carried out in [4] 
and [5]. In section 4 we prove the equivalence of the action for this space 
with the aforementioned Yang-Mills action, culminating in section 5 with 
the equivalence to the Einstein-Hilbert action I eh- This latter step required 
the association of the torsion of Q^^^ with the extrinsic curvature of the same 
space, and identification of the 3+1 decomposition of Ieh- Section 6 is a 
conclusion and discussion section, where we summarize the main results. 



2 Instanton representation of Plebanski gravity 

The phase space for the instanton representation of Plebanski gravity is 
^Inst = i^ae,A^). is the same self-dual 5*0(3,(7) connection of the 
Ashtekar variables, and ^ae £ 50(3, C) ® 50(3, C) known as the CDJ ma- 
trix, which is the self-dual part of the Weyl curvature expressed in 50(3, C) 
language. We will see that this is actually the same matrix appearing in (8) . 
We can write (5) on the phase space fi/nst using the CDJ Ansatz 




(10) 



^The construction of such a metric is one of the future directions from [6]. 
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Introduced in [7]. Equation (10) holds as long as (detB) / and (det*) 7^ 0, 
which we will assume for the purposes of this paper. Substitution of (10) 
into (5) and (6) yields 

Ilnst = JdtJ d^X^aeBlA^+A^BlDi^ae 

-EijkN'BiB^^ae - ^A^(detS)^/Vdet*(A + tr*"^) (11) 

where we have used the Bianchi identity -DjiJ* = 0. By integration by parts 
combined with discarding of boundary terms as well as using the Bianchi 
identity, the first two terms of (11) can be combined into the form 

^aeBlAf + A^BiDi^ae ^ ^aeBHAf - A^§) = ^aeBlF^i, (12) 

where Fq- are the temporal components of the curvature of a four dimen- 
sional connection A^. Making the definition = ^e*-'*^Fj'^, where 

F;, = d,Al - d^A; + r'^A^Al, (13) 

and defining e^^^^ = e^^^ with e^^^ = 1, we can rewrite (11) by separating 
^ae into symmetric and antisymmetric parts. This yields 

+{BIX} - e,,kN'BiBl)^ae - iAr(deti?) V2 Vdit*(A + tr*"!)) . (14) 

The equation of motion for iV* derived from (11) implies that ^[ae] = 0, or 
that '^ae is symmetric. We can use this to eliminate the first two terms in the 
second line of (14). We can write tr^'"-'^ directly in terms of its eigenvalues 
(Ai, A2, A3) using the cyclic property of the trace, where ^ae is taken to be 
symmetric. Additionally, the following relation will be useful 

zAr(det5)VVdet* = iN\fh = (15) 

the first equality coming from the determinant of (10) and the second equal- 
ity coming from the expression of = y/detg^ via its 3+1 decomposi- 
tion. Using all of these relations enables us to write (14) on-shell as 

Iinst = / d'^x 

JM 



F"" e'^"''"' + a/^^ a + — + — + — 

g^ae^M-^p^^ +V ^V'+Ai A2 A3 



(16) 
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Equation (16) will be known as the instanton representation of Plebanski 
gravity on the diffeomorphism-invariant phase space ^diff^ since the diffeo- 
morphism constraint has been implemented.^ 
Let us rewrite (16) in the form 



Ilnst = [ d^x [i^b/i^.i^e''"^" - iN{deiB)Vd^{K + tr^--^) 

JM 1° 



, (17) 



The equation of motion for for (detB)^/"^ y/deW ^ implies the constraint 



H = A+^ + ^ + ^ = 0, (18) 

^1 ^^2 ^^3 

which enables us to write A3 explicitly as a function of Ai and A2 . Then the 
equation of motion for '^f,f is given by 



^ = iF'.uF^^e^^'''' ~ ^iV(detB)(*-i)^/x/dit*(A + tr*-i) 

+iA^(det5)^/Vdet^'(^'-^*-^)*^ = 0. (19) 

The middle term on the right hand side of (19) vanishes on account of the 
Hamiltonian constraint (18), which reduces the equation to 

^F^^Fl^e^"'P'' = -^N{detBy/'^^/d^{^-^■^-^ff. (20) 

Equation (20) is the equation of motion for the CDJ matrix subsequent to 
implementation of the diffeomorphism constraint, which requires that ^'^^ 
is symmetric in 6 and /. 



2.1 Dynamical Hodge duality operator 

We will now make more precise the relation of the instanton representation 
of Plebanski gravity to gravitational instantons. The action (16) evaluated 
on the solution to the equations of motion (18) and (20) is given by 



nst 



-I ■ 

8 Jm 



M 



(21) 



H=0 



^Thc association to Plebanski gravity is derived in [8], where the starting action (17) 
is derived directly from the Plebanski starting action. The association to gravitational 
instantons will be made precise in the present paper. 
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where we have defined the curvature two form = ^F^j^dx^ A dx^ . Re- 
turning to (20) , the physical interpretation arises from the identification 

hij = (det*)(*-i*-i)6/(5-i),^(S-i)J(detB) (22) 

with the intrinsic 3-metric of 3-space E. Upon use of (10) in the form 
= Bl{a~^)f equation for nondegenerate metrics (22) yields 

hh'^ = aiai, (23) 

which is the relation of the Ashtekar densitized triad to the 3-metric hij . In 

the instanton representation the spacctime metric g^^, is a derived quantity 
since it does not appear in the starting action (11) except for the tempo- 
ral components A^'^ = (N,N^) = igoo,9oi)j which are needed in order to 
implement the initial value constraints. The spacetime metric is given by 

ds'^ = gf.^dx^'dx" = -N'^dt^ + hijuj' ® (24) 

where a;* = dx^+N^dt and hij is the induced 3-metric on E. The prescription 
for obtaining hij from the instanton representation is though (22), which 
holds for nondegenerate B\ and satisfying the initial value constraints.^ 
Comparison of (22) with (20) indicates that dynamically on the solution 
to the equations of motion, 

IplFf^e'^^P'^ = -iNhijBlBj (25) 

where N_ = Nh~^/'^. Since the initial value constraints must be consistent 
with the equations of motion we can insert (25) into (21), which yields 

Ilnst = \ I "^aeF" A = -i f Nhij^aeB^aBld^X. (26) 

Note that this identification is contingent upon the relation (22), which 
writes the 3-metric hij entirely on $l/nst, the phase space of the instanton 
representation. Using Bl = ^ae^a from (10) to eliminate Z?* from (26), one 
has also that 

hnst = \! ^aeF''AF' = -i[ Nh^i^^Talaid^x. (27) 

*Wc will show later in this paper by an independent method that this is precisely the 
spatial metric for which g^i^ as defined in (24) is a solution to the Einstein equations. 
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The action for GR in the instanton representation evaluated on a classical 
solution can be written as the average of (26) and (27), which yields 

Iinst = -i [ d^xNhijT^^ (28) 
Jm 

with T'^^ given by 

= ^ ii^-'raiai + ^aeBiBi) . (29) 

Equation (29) admits a physical interpretation of the spatial energy momen- 
tum tensor for a SO{3, C) Yang-Mills theory, where ^ae plays the role of the 
coupling constant (more-so a coupling field). Specifically, (28) is the Hamil- 
tonian for the 3+1 decomposition of Yang-Mills theory coupled to gravity, 
evaluated on solutions to the Gauss' law and diffeomorphism constraints.^ 
Starting from the Yang-Mills action 



Iym = -J <fx^gg^Pg^"F;,F;,^>ae (30) 

and upon identifying the Yang-Mills electric field with the Ashtekar 
densitized triad a^, the Hamiltonian of (30) upon multiplication by a factor 
of i = modulo the Gauss' law and diffeomorphism constraints (Gq, H,i), 

reduces to (29). Therefore on the solution to the the equations of motion of 
(11), which requires Ga = Hi = 0, the following objects are equivalent^ 

Iinst = \l d''x^aeF;;,F;^e^-P- = -- j d''xyr~gg^fg-'^F;,F;„^!ae = -ilYM.{3l) 
° Jm ^ Jm 

On-shell, (31) must be true for all satisfying the kinematic constraints 
{Ga,Hi) and for all curvatures F^^, which implies that 

F;,,, = --^g^,^g,,,e^^'^P-F-^. (32) 

Equation (32) states that the four dimensional gauge curvature F^^^ of the 
four dimensional connection = (A^jAf) constructed from the self-dual 
(self-dual, internally in the 50(3,(7) sense) Ashtekar connection A^, must 
on-shell be self-dual under Hodge duality for Lorentzian signature. Hence 

®This is shown in the appendix. 

"This is the same as the solution to the Einstein equation upon implementation of the 
Hamiltonian constraint (18) and the identification (22), which we will show in this paper. 
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the instanton representation of Plebanski gravity, which wc have derived 
from the Ashtckar variables, provides a Hodge operator dynamicahy on- 
sheh which exposes the equivalence of gravity and Yang-Mills theory. 

Another result which can be obtained is to substitute (15) into (20), 
which yields 

\F';^,Ff^e^-P- = -^g{^-H-^ff. (33) 
Contraction of (33) with ^fj^ and integration over spacetime yields 

hnst = \l d^x^bfF'^.Ff^e'"''^ = - / d^xV=5tr*-' = AFoZ(M), (34) 

where we have used the Hamiltonian constraint tr^~^ = —A from (18). The 
quantity Vol{M) is the four dimensional volume of spacetime. Note that 
the exponentiation of (34) yields 



^ = eMGh)-^Voi{M)^ (35) 

which forms the dominant contribution to the path integral for gravity due 
to gravitational instantons. The difference is that now we have taken into 
account the possibility of Lorentzian signatures. 

Next, wc will expose the link from the instanton representation to grav- 
itational instantons through the metric representation, using the instrinsic 
spatial geometry of the corresponding Yang-Mills theory. 



3 Gauge curvature versus Riemannian curvature 

The first step in elucidating the relation of the Yang-Mills description to 
metric GR is to write the Ashtekar variables in terms purely of the spatial 
geometry of 3-space S. Define the affinc equivalent F^- of the Ashtekar 
connection Af, in direct analogy to [4], such that 



Ae« = die'} + = (36) 

where Di is the gauge covariant derivative with respect to the SO{3,C) 
gauge connection Af. We will be examine the effect of the gauge covariant 
derivative on symmetric and and antisymmetric combinations of the triad 
ef. Define a densitized triad and a 3- metric hij by 
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Note also that hij = {deta){a~^)f{a~^)j, which is the same as (23) for 
nondegenerate triads.^ The gauge covariant derivative acts on a* via 

Dmai = e'^habcepmet = e'^\abce)V^rak<^ (38) 
where we have used (36) and (37) . Equation (38) can then be re- written as 

Let us now impose the Ashtekar Gauss' law constraint on the densitized 
triad -Di^a = 0, which is the same as imposing the Gauss' law constraint on 
the Yang-Mills theory that it describes. The trace of (39) is given by 

D,a\ = (rf, - Tli)al = 0, (40) 

hence Gauss' law implies that the trace of the torsion of F*^ must vanish, 
where Tj^ = ^^^^ is the torsion. Perform the following decomposition 

Ti, = ejkmS"'' + ^{Siak-Siaj) (41) 

where 5*™* = S**"' is symmetric, reminiscent of the decomposition of the 
structure constants of a Bianchi Lie algebra. The Gauss' law constraint is 
the same as T?^ — 0, which from (41) implies that — 0. Therefore the 
torsion can be written as TJ^ = ej^mS"™, which has six degrees of freedom. 

Having examined the consequences of the gauge covariant derivative for 
an antisymmetric combination of triads, let us npw examine the consequence 
for a symmetric combination. Acting on the 3-metric hij we have 



I-^mhij — dfjihij — Drfii^e-iCj^, (42) 

where we have used that the metric hij is a gauge scalar due to the absence 
of internal indices. Expanding (42), we have 

'^Recall that it is sufficient to estabUsh that this is the same 3-metric that must appear 
in the Einstein- Hilbcrt action in order that the instanton representation imply a solution 
to the Einstein euqations. 
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d^h,, = e^(D„,e«) + {D^et)e^ = e^T;^,^.e« + T^^.e^^e^" (43) 
where we have used (36). We can rewrite (43) as 

dmhij - Vl^^hin - Vl^^nj = V mhij = 0, (44) 

which recognizes the covariant derivative of the 3-metric, seen as a second- 
rank tensor, with respect to the connection F^j. Equation (44) states that 
the connection F*^ is compatible with the 3-metric hij constructed from the 
triads. Note that this is not the Levi-Civita connection since it has torsion. 
We will now compute the curvature of the connection T^-^ starting from 

DA = F^A- (45) 

Acting on (45) with a second gauge covariant derivative and subtracting the 
result with i and j interchanged, we get 

[A, D^Vl = (a^r^fe - 9,r« + r^rf, - r^^r^) el = Rl^^n- (46) 

We recognize (46) as the three dimensional Riemann curvature tensor of the 
connection r*|^., which is a completely spatial tensor of fourth rank. But we 
can also express the left hand side of (46), using the properties of the gauge 
covariant derivative, to write it in terms of the gauge curvature 

\D,,D,\el = e,,ie'^^DmDnel = ei.ir'^Biel (47) 

where = e^i^djAl + \e'^^ fahcA)Al is the magnetic field for the connection 
A'^. We can then equate (47) with (46), yielding 

^i3if^^'^B[e% = Rkije-l = RnkijEa (48) 

where is the matrix inverse of the triad e", such that E^e^i = 5^. 
Transferring to the left hand side of (48), we have 

Rnkij = ^ijlf^^'^^k^n^i = ^ijl^knmC^T ^ii (49) 

where we have used (37). 
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4 Yang— Mills spatial geometry 



In the developments of [4] and [5], the magnetic field 5* or a densitized 
version plays the role of the triad This enables one to rewrite (49) 
completely in terms of a metric (p^^ = B^Bl constructed from the magnetic 
field _B* , thus leading to the Einstein space condition. But wc would like to 
extend this concept to more general solutions of the Einstein equations. Let 
us now introduce the CDJ Ansatz 

= (50) 
where £ SO{3,C) (g) 50(3, C).^ Substituting (50) into (49), we obtain 

Rijmn = ^ijl^mnk'^f'^b^bf- (51) 

The 3-dimensional Ricci tensor, is obtained by contraction of (51) with h^'^ 

= (det/i)-^ [himhik - hikhim)^)al%} = [e^ef^ - hime^^e{) (52) 

Another contraction of (52) with /i**" will yield the three dimensional cur- 
vature scalar 

R = h'^'Rim = -2(e^'=e{)^,7. (53) 
From (53) and (52) we can form the three dimensional Einstein tensor 

Gim = Rim- \himR = e.^e^^'^. (54) 

We see from (54) that the inverse CDJ matrix has the physical interpre- 
tation of the Einstein tensor for a three dimensional space Q^^^ with torsion, 
expressed in the triad frame. Let us perform the following decomposition 



= SbfV + Vb/ + ^bfdip'^ (55) 

where V'b/ is symmetric and traceless. Setting ■0'' = and choosing (p = 
where A is the cosmological constant, enables us to write 

^Recall that this is the CDJ matrix, the same matrix serving as a momentum space 

variable in the instanton representation of Plebanski gravity (11). But we will arrive at 
this conclusion independently through the metric representation. 
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(56) 



whence tpf,f takes on the interpretation of the self-dual part of the Weyl 
curvature tensor as introduced in [7]. To obtain (56), which provides a 
direct link from Q^^^ to GR, we impose the following constraints on "^^^ 

edbf%f=0; A + tr*-i = 0. (57) 
Equations (57) imply the following constraints on Gij 

e'''^Gij = 0; A + h'"'Gim = 0. (58) 

Note from (53) that this also implies that R = 2A. 

Equations (57) constitute four constraints on the nine components of 
^bfi but general relativity should have two unconstrained degrees of free- 
dom. This implies that there must be a constraint on three of the five re- 
maining components of ^bf- To determine this constraint, it will be instruc- 
tive to examine the corresponding constraint on Gij . Since Gij is an Einstein 
tensor, then it should satisfy the contracted Bianchi identity V^Gij = 0. We 
will obtain this by acting with the gauge covariant derivative D]^ on 

Gij=etej^^}. (59) 

Since Gij does not have internal indices, then its gauge covariant derivative is 
the same as its partial derivative. Acting with the gauge covariant derivative 
on (59), we have for the left hand side that D^Gij = d^Gij. Expanding the 
right hand side and using (36), we have 

DkGij = dkGij = {Due\)ef^%} + e\{Dkef^)%} + e^eJ(D,*,-/) 
= T^,elel%} + e\TtjeL%} + e^eJ(D,*-/) 

= V^Gmj + TfjGim + 4ej{Dk%}). (60) 
Equation (60) can be rewritten as 

VfcG,,- = elejiDk^l), (61) 

where we recognize the definition of the covariant derivative of Gij, seen 
as a tensor of second rank, with respect to the connection Tf-. The right 
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hand side of (61) will have a part due to and a part free of spatial 

gradients. For the first part we will use the matrix identity 

Hence, expanding (61) while using (62) yields 

= 44"^ b} (-4*ad + "^agfgcdAl + fgcaAl^gd) ^rf/ • (63) 

Wc have used the definition of the covariant derivative of a seeond rank 
internal tensor in (63). Note that '^^^ = 5abk for numerically constant k 
causes (63) to vanish, which corresponds to spacetimes of Petrov type O.^ 
To form the contracted Bianchi identity, contract (61) with h^'^, which yields 

V^Gij = -*-;*-/e,^4i^,*„, = -(*->5)(*-/4)iP,*„,. (64) 

Using £"* = (deta)~^/^a* in conjunction with the CDJ Ansatz (50), then 
(64) reduces to 

V^Gij = -{GjmK){detar'/^B';iDj^ad. (65) 
Defining B-'^Dj'^ad = ^d{^ad]-> then the Bianchi identity reduces to 

V^G,,- = -(deta)-V2(G,„,E-)w4*„J = 0. (66) 

Hence if we require that 'Wd{^ad} = 0, then this guarantees that the Bianchi 
identity is satisfied. Note that ^d{^ad\ = is the Gauss' law constraint 
Dja* , written on Q.inst^ the phase space of the instanton representation. So 
augmenting the list of constraints (57) and (58) to 

ed6/*6~/ = 0; A + tr*-i = 0; We{*„e} = 0; 
^e^'^Gij = Q- A + h'"'Gim = 0; V^Gij=0 (67) 

completes the list of constraints on our system in order that it exhibit two 
unconstrained degrees of freedom. Note that the top line of (67) are the 
same constraints which appear in the instanton representation (11). The 
second line of (67) are the same constraints on the Einstein tensor of Q^^\ 



^This is the Einstein space derived in [4]. 
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5 Einstein— Hilbert action 



We have expressed the Riemann curvature of the connection F*.^ in terms 
of gauge-related quantities, which motivated a generahzation of spatial 3- 
geometries vis-a-vis the CDJ matrix via the instanton representation. 
Wc will now directly relate this intrinsic 3-geomctry of Q^'^^ to the 4-geometry 
of Einstein's GR in the metric representation. First expand the full Riemann 
curvature using the result of (46) 

i?^,/Q(^)) = d,T^, - djT^, + F^rf, - F^^F^. (68) 

Then split the affine connection F*j^. into a part compatible with the 3-metric 
hij and a part due to torsion 

^U = ^hk) + T;k, (69) 

where the curvature of the metric compatible part ^^(^jj^y namely the Levi— 
Civita connection due to symmetry in lower indices, is given by 

Substituting (69) into (68) and using (70), we have 



^kijW ') - ^kijW + J-im-'-jk - -'-jm-'-ik 
if) T'fi I -pn rpm I -pm rjin o rpn -pn rpm pm rpn /ij-t \ 

-^(^i-'-jk "T ^ {imyjk "I" ^ {jk)-'-im " ^-j-tj^ - i (^jm)-'-ik ~ ^ {ik)-'-jm- {' ^) 

Next, contract (71) by summing over n = i to obtain the three dimensional 
Ricci tensor, in conjunction with using T?^ = from (40).^° Then the first 
line of (40) reduces to 

RkjiQ^'^) = Rkj[h] + T^tn^j^ - T;^:^ = Rkj[h] - T}^TV^, (72) 
and the second line of (71) reduces to 



i-l-jk + i {imyjk ~ ^ (jmyik ~ ^ {ik)''' jm — ^ i-l- jk^ I ' 

where ViT^-^ is the covariant divergence of the torsion Tj^ with respect to 
the Levi-Civita connection ^^(^j^y We will next combine (73) with (72) and 



^''Recall that this is a direct consequence of the Gauss' law constraint in the Ashtekar 
variables, and equivalently so in the instanton representation. 
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contract with h^^ to form the three dimensional curvature scalar. Note that 
this contraction annihilates (73) due to antisymmetry of the torsion, and we 
are left with 

i?(Q(3)) = ii[/,]_/,fcjr;„T-,. (74) 

as implied by (71). Recall the following decomposition due to the Gauss' 
law constraint on (41) 

^jm = ^jmlS''"'- (75) 

Subsituting (75) into (74), we obtain the following expression for the term 
quadratic in torsion 

ukjrpn rpm _ ukj nsm nnr 

"' jm nk — '^ksn'^jmr'-' >-> 

= {deth)-\hnrhsm ' Kmhsr) S'"" S'^ = (deth)-^ {{tv Sf - SsmS'""). (76) 

Let us make the definition 

S'^ = f5VhK'^ (77) 

where /3 is a parameter which will be specified later. Then substitution of 
(77) into (76) and (74) yields 

R{Q^^^) = R[h] - {{tiKf - tvK^) . (78) 
Multiplication of (78) by = Ns/h and integration over spacetime yields 

1 = j dt j d^xNVh(^^^^R[h]- l3^{iiiKf -tTK^)y (79) 

If one could identify Kij with the extrinsic curvature of 3-space S, then the 
right hand side of (79) for /3 = i would correspond to the 3+1 decomposition 
of the Einstein-Hilbert action. 

5.1 Legendre transformation into Yang— Mills theory 

To make this association, which would solidifiy the link from the intrinsic 
spatial 3-geometry of Q^^^ to a 4-geometry, one should perform a Legendre 
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transformation of (79) into the Hamiltonian description using a canonical 
structure ir'^^hij, where 

TT^^ = p^/h[K'^ - {ixK)) (80) 

is the momentum canonically conjugate to the 3-metric hij. 
First one inverts (80) obtaining 

K^^ = ^(7r^^-i/i^^(tr7r)). (81) 
Substitution of (81) into (79) yields 

/ = j dt j (fxN Vh^^'^R[h] + ^(^Tr'^Trij-^{trTrf^ , (82) 

whence the parameter j3 has cancelled out. To perform the Legendre trans- 
formation of (82) into a Hamiltonian, we need to express Kij in terms of 
hij. Let us make the identification 



kj = 2pNKij + ViNj + VjNi , (83) 

where N is the lapse function and Ni the shift vector. Note that (83) is the 

same as Kij = j^L^hij, namely that the extrinsic curvature where is the 
Lie derivative of the 3-mctric hij in the direction of the timelike 4-vcctor 
^1" = 5^. Note that 2j3NKij = N{27Tij - hij {trTr)), which follows from (81). 
The canonical one form ir^^hij implies that 

TT'^hij = ^ (27r,j7r*^' - (tr7r)2) + 2Tr'^ ViNj, (84) 
yh 

where we have used the symmetry of tt'-^. Then the Legendre transformation 
of (82) is given by 



H = J d^xir'^hij -1 = j d^x(2Tr'^ViNj 
+N(^-Vh^'^R[h] + -^i^ij^'' - ^(tr7r)2)). (85) 
Integrating by parts an discarding boundary terms, (85) becomes 



H 



= J Sx{N'Hi + NH) (86) 
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where Hi and H are the Hamiltonian and diffeomorphism constraints on the 
full Einstein-Hilbert metric phase space CIeh = {hij,TT^^), given by 

H = Tr'^TTij - ^(tr7r)2 - \^^^'^R[h] =0; Hi = tt'^- = 0. (87) 

The result is that provided one makes the identification (83), then the ac- 
tion resulting from ^^^Q is indeed the Einstein-Hilbert action as inherent 
in its 3+1 decomposition. Note that the Hamiltonian (85) is insensitive 
to the presence of the parameter /3, but the action (79) is not. Equation 
(80) implies that for /3 = ±i, one is in a tunneling configuration in the 
quantum theory since the momentum tt'-' is imaginary. For /3 = ±1 the 
theory is in an oscillatory configuration since tt'^ is real. Since the instanton 
representation is also insensitive to the presence of /3, it suggests that the 
instanton representation is equipped to deal with spacetimes of Euclidean 
and Lorentzian signature. This also suggests the identification of f3 with the 
Immirzi parameter of the Ashtekar variables. 

We have expressed the Einstein-Hilbert action in terms of the intrinsic 
spatial geometry of a manifold ^^^Q with torsion, and we have shown that 
the instanton representation is equivalent to a Yang-Mills theory where 
plays the role of a coupling constant. The instanton representation was 
derived directly from the Ashtekar formulation of GR, but we would like to 
as well derive this directly from the metric representation. First note on 
account of the CD J Ansatz that (51) can be written in the equivalent form 



By taking in the average of both forms in (88) we can write the Riemann 
curvature tensor as 



where T'*' is the same Yang-Mills energy momentum tensor given by (29). 
The double contraction of (89) yields the curvature scalar 



R = h'VRijmn = {dethy'hikT^^ (90) 

where we have used the property of determinants of three by three matrices. 
To obtain the Einstein-Hilbert action (79), we multiply (90) by ^/—g = 
Ny/h and integrate over spacetime. This yields 

^^Thc implication would be that in order to obtain real metric GR from the Ashtekar 
variables, /3 cannot be complex although it can be real or pure imaginary. 
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Ieh= [ d'^x^/^^^'^R= [ dt [ d^xNhikT^^, (91) 

which up to a factor of —i is the same as (28) derived from the instanton 
representation. Since the 3-mctric hij appearing in (79) is the same metric 
which from (22) leads to the identification of the instanton representation 
with Yang-MiUs theory, it foUows that this same theory is also another 
representation of the Einstein-Hilbert action Ieh- Moreover hij as defined 
by (23) through(22) is the spatial part of the spacetime metric g^i, solving 
the equations of motion for Ieh- 



6 Conclusion and discussion 

In this paper we have shown the following things, (i) The self-dual Ashtekar 
formulation of general relativity leads to the instanton representation of Ple- 
banski gravity when the Ashtekar magnetic field and and the CDJ matrix 
^ae are nondegenerate. On solutions to the diffeomorphism constraint the 
instanton representation implies the emergence of a hodge duality operator 
when the equation of motion for is satisfied. This operator arose due to 
the equality between the A F term and the corresponding Yang-Mills 
action implied by the emergence of a spatial 3-metric hij = hij[^,A]. This 
implies that the curvature F^^^ of the four dimensional gauge connection 
A'^ = {A^,Af) is Hodge self-dual.^^ Additionally, it implies that the CDJ 
matrix field ^ae is the coupling constant for this gravitational Yang-Mills 
theory. 

(ii) Having solidified the gravity /Yang-Mills association via the chain 
I Ash — ^ I Inst Iym, the latter link arising on-shell, we moved on to 
the metric representation. By expressing the Yang-Mills variables in the 
metric representation, we showed that the Gauss' law constraint implies a 
3-dimensional Riemannian space with torsion, defined as Q^^\ We estab- 
lished the link from this space to the instanton representation via the CDJ 
Ansatz, showing that the CDJ matrix is essentially the Einstein tensor for 
Q(^). The link carried over the same identification of GR with Yang-Mills 
theory, except now with respect to Q^^^ . 

(iii) To finalize the link from Yang-Mills theory to Einstein's GR, we 
showed that Q^^^ defines a 4-dimensional spacetime solving the Einstein 
equations. From the Gauss' law constraint, the torsion of Q^"^^ possesses 
six rather than nine degrees of freedom. By associating these degrees of 
freedom with the extrinsic curvature tensor Kij, we showed that the (3- 
dimensional) Riemann curvature tensor of Q^^^ is the same as the (four 

^^Note that Yang-Mills instantons also have this property. 
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dimensional) Riemann curvature tensor via the 3+1 ADM decomposition of 
GR. It is instructive to perform these steps in reverse, hence the link Ieh 
I ADM ~^ Iym- The rightmost part of this chain arises from identifying 
entrinsic curvature with torsion, which leads to the CDJ Ansatz. 

The result is that on-shell, the instanton representation implies a solution 
to the Einstein equations for spacetimes where ^^ae is nondegenerate as a 
three by three matrix. Moreover, Einstein's GR dynamically takes on 
the form of a Yang-Mills theory where the Yang-Mills curvature is Hodge 
self-dual. This notion of Hodge self-duality arose presicely due to the CDJ 
Ansatz and would not be obvious either from the Ashtekar formalism or 
from the metric formalism for such general spacetimes. Hence, this paper 
makes precise the association of the instanton representation of Plebanski 
gravity to gravitational instantons, instantons in the Yang-Mills sense. The 
following link can be written by association 



Ieh ^-ijdtj^ (fxNhijT'^ ^\ j ^^-^^^ A ^ hnst- (92) 

The notation in (92) signifies that the action has been evaluated on the 
solution to the equations of motion, though we still should have Ieh = Iinst 
irrespective of this. We can take (92) off shell to the spatially diffeomorphism 
invariant level, and write it in the form 



M 



^bfF^ A - V=5(A + tr*-^)d''' 



X 



(93) 



as in (16). If we associate a Lie algebra element to F = T°'F°', then 
equation (92) amounts to embedding the Hamiltonian constraint of GR into 
an F A F term, where the Cartan-Killing form is given by 



tr(r„Tfe) = (94) 

For the case = k6ab for numerically constant k, the Hamiltonian con- 
straint implies k = —j^ and we obtain a the Einstein geometries derived 
in [4] and [5]. In the more general case, '^ab is now a field which encodes 
the gravitational degrees of freedom through the algebraic classification of 
the corresponding spacetime that it describes [10]. The results of this paper 
provide a prescription for constructing the associated metric, which is an 
outstanding issue from [6]. 

Lastly it is of note to comment on what has been learned from the 
relation (36). The result of the Gauss' law constraint is that it reduces the 

^■''This is spacetimes of Petrov types I, D and O where the CDJ matrix possesses three 
linearly independent eigenvectors. 
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degrees of freedom contained in T*-^ to and Kij. But the connection 
appearing on the left hand side of (36) can be identified with the Ashtekar 
connection, since from (7) it contains precisely these same degrees of freedom 
albeit expressed in triadic form. By this token one can as well directly make 
the link from the Ashtekar variables to the ensuing formalism, which has 
bee put in place using the instanton representation. 

Having formalized in precise terms the association between gravitational 
instantons and four different but equivalent descriptions of gravity, some fu- 
ture directions of research will include the construction of specific solutions, 
as well as the further development of the quantum theory. 



7 Appendix: Hamiltonian formulation of Yang- 
Mills theory 

The Lagrangian density for Yang-Mills theory coupled is given by 



Lym = \v^g'''g'"'F^,F'p,^ae, (95) 



where ^'^e will e regarded as an internal group metric. The 3+1 decompo- 
sition of (95) is given by 



Llm = ^ {g'^g'^FS^F^^ + 2g'^g^'^FSjFi, + g'^ g"' FgF^i) ^^e- (96) 

We will make use of the 3-1-1 decomposition of the contraviant spacetime 
metric 



g' 

as well as the relations 



/ _ 1 Tf_ \ 

HI' — \ W N'^ I 



F^^j = eijkB^; h'^ h'^^Cikmejin = (deth) ^hmn- (97) 
The momentum conjugate to the connection is given by 



J- J- /I 



6At 

The individual terms in brackets on the right hand side of (98) are given by 
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for the first term, 



~gg''g''F^, 



for the second term, where we have used antisymmetry to eUminate its 
second contribution. The third term in brackets in (98) is given by 



-g 



(101) 



which cancels the second term on the right hand side of (99). Combining 
(101), (100) and (99), we have that the momentum canonically conjugate to 
the connection Af is given by 



Inverting the relation in equation (102), we obtain 



(102) 



(103) 



Substitution of (103) into (96) and performing a Legendre transformation, 
we obtain the Yang-Mills Hamiltonian 



Hym= / d^x{NHyM + N'Hi-A^Ga), 



(104) 



where 



H = hij{^^lui^ + ^hfBiBj); Hi = eijkm^':^ Ga = Anj,. (105) 
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